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Abstract
We define a ‘BW orientation’ for a double point set of a generic surface in 3-space. Then we show
that a given generic surface in 3-space is a projection of some embedded surface in 4-space if and
only if its double point set admits a BW orientation. BW here means black/white; the BW orientation
is motivated by checkerboard coloring of the complement of the surface. Ó 2000 Elsevier Science
B.V. All rights reserved.




Throughout this paper, we fix a projection pi :R4→R3 by
pi(x1, x2, x3, t)= (x1, x2, x3).
When we study an embedded surface in R4, we often use its projection onto R3 under
pi . Let f :F → R4 be an embedding of a closed surface (compact without boundary) in
R4. Then the map g = pi ◦ f :F →R3 is taken to be generic by a slight perturbation of f ;
that is, the double point set of g,
cl
{
p ∈R3: ]g−1(p) > 1},
consists of isolated branch points, double point curves, and isolated triple points. The pre-
image on F of the double point set is called a double decker set of g.
It is known that every generic surface in R3 is not a projection of some embedded
surface in R4. A generic surface g :F → R3 lifts to an embedded surface in R4 if there
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is an embedding f :F →R4 such that g = pi ◦f . We have several necessary and sufficient
conditions for which generic surface lifts to an embedded surface:
(i) An existence of solutions of a ‘system of linear inequations’ induced from a double
decker set (cf. [8,11]).
(ii) A ‘colorability’ for a double decker set (cf. [5,7]).
(iii) A ‘compatible orientation’ for a double point set (cf. [5,7]).
When we use the criteria (i) and (ii), we must know that which crossings in the double
decker set are identified under the given generic map. As for the criterion (iii), it is applied
for only orientable generic surfaces and, to be precise, it depends on not only a double
point set but also its neighborhood in the generic surface.
In this paper, we discuss orientations of double point sets in relation to the lifting
problem. Our criterion is similar to (iii), but it is essentially different from (iii) in that
it is applied for every generic surfaces and in that it depends on double point sets only.
The paper is organized as follows. In Section 2 we review the notion of broken surface
diagrams, signed triple points, signed and colored branch points, and so on. Section 3 is
devoted to giving a new necessary and sufficient condition for a generic surface in R3 to
be lifted to an embedded surface in R4. As an application, we give an elementary proof
of Carter and Saito’s formula between the numbers of triple points and branch points on a
projection of an embedded surface in R4 (cf. [6]).
2. Preliminaries
In this section, we review the notion of embedded surfaces in R4 from the viewpoint of
the diagrammatic theory. See [3–6] for more details.
Definition 2.1 (Generic surfaces). Let F denote a closed surface (compact without
boundary). We say that a map g :F → R3 is generic if for each point p ∈ F there is
a 3-ball neighborhood N(p) containing p such that the pair (N(p), g(F ) ∩ N(p)) is
homeomorphic to
• (B3, the intersection of i coordinate planes) where B3 is a 3-ball containing the origin
(i = 1,2,3), or
• (B3, the cone on a figure eight) where the figure eight curve is in the boundary of
N(p).
In the first case of Definition 2.1, the point p ∈ F is called a double point if i = 2 or a
triple point if i = 3. In the second case, the point p is called a branch point. See Fig. 1.
Then the set cl{y ∈R3: ]g−1(y) > 1} consists of (possibly empty) isolated branch points,
double point curves, and isolated triple points. This singular set is said to be a double point
set and denoted by Γg .
Definition 2.2 (Broken surface diagrams). Let f :F → R4 be an embedding such that
the projection pi ◦ f (F ) is a generic surface. Consider a double point curve along which
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Fig. 1.
Fig. 2.
two sheets intersect. To indicate the crossing information—which of the two sheets along
a double point curve is higher than the other with respect to the t-coordinate—we remove
the neighborhood of the double point curve on the sheet (the lower sheet) which lies lower
than the other sheet (the upper sheet). The obtained surface in R3 with no self-intersection
is called a broken surface diagram associated with the embedded surface f (F ) in R4.
See Fig. 2.
At an isolated triple point, such a breaking modification is as follows: the neighborhood
of a triple point consists of three sheets. These sheets are labeled top, middle and bottom,
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and these indicate the relative position of the sheets with respect to the t-coordinate. In
a broken surface diagram, the middle (respectively bottom) sheet is replaced with two
(respectively four) disjoint disks which are obtained by cutting along the double point
curves on the sheet. See Fig. 2 again.
Definition 2.3 (Signs of branch points). A sign of a branch point is defined when the
branch point is on a generic projection of an embedded surface in R4. In the broken surface
diagram associated with the embedding, there are two types of crossing information near a
branch point—one is positive and the other is negative—depicted in Fig. 2.
When we assign +1 (respectively −1) to each positive (respectively negative) branch
point, it is known that the sum of signs taken over all the branch points in the double point
set is equal to the normal Euler number of the embedded surface in R4 (cf. [4]).
Definition 2.4 (Lifts of generic surfaces). A generic surface g :F → R3 lifts to an
embedded surface in R4 if there is an embedding f :F → R4 such that g = pi ◦ f . Such
an embedded surface in R4 is called a lift of the generic surface in R3.
Let a generic map g :F → R3 be given. Assume that we can break the generic surface
g(F ) along its double point set as depicted in Fig. 2. Then we easily construct an embedded
surface in R4 that is a lift of g(F )—the construction of an embedded surface from a
diagram is an inverse operation to constructing a diagram from an embedded surface.
Hence we have the following.
Proposition 2.5 [5]. A generic surface in R3 lifts to an embedded surface in R4 if and only
if it admits a broken surface diagram.
The criterion given in Proposition 2.5 is one theoretical answer to the lifting problem.
Our criterion is based on this proposition.
Lemma 2.6 [1, Lemma 2.1]. Let g :F →R3 be a generic map. The generic surface g(F )
dividesR3 into some regions. Then there exists a checker-board coloring (white and black)
to the regions such that the adjacent regions receive the opposite colors.
Proof. Let p0 be a fixed point in R3\g(F ). For each regionD ⊂R3\g(F ), we take a point
p ∈D and a regular curve γ ⊂R3\Γg connecting between p0 and p such that γ intersects
g(F )\Γg transversely in a finite number of points.
Let γ ′ be another curve as above. Since H1(R3)= 0, the Z2-intersection number of the
loop γ ∪ γ ′ and g(F ) in R3 is zero. Thus the parity of the number ](γ ∩ g(F )) does not
depend on the chosen curve γ .
Now we can colorD with black (respectively white) if ](γ ∩g(F )) is even (respectively
odd), then this coloring gives a required checker-board coloring. 2
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In this paper, we fix such a coloring in Lemma 2.6. Signs of triple points and colors of
branch points are defined using this checker-board coloring.
Definition 2.7 (Signs of triple points). A sign of a triple point is defined when the triple
point is on a generic projection of an embedded surface in R4; pick a black region, B ,
among four of eight regions around a triple point. We choose v1,v2 and v3 to be the
normals to the top, middle, and bottom sheets respectively, and that they lie in B pointing
into B . Then the triple point is defined to be positive if the orientation of R3 defined by
the ordered triple (v1,v2,v3) matches the right-handed orientation of R3, and negative
otherwise. See Fig. 3.
Definition 2.8 (Colors of branch points). A color of a branch point is defined when the
branch point is simply on a generic surface in R3 (it is not necessary that the generic surface
is a projection of an embedded surface in R4). The neighborhood of a branch point on a
generic surface in R3 looks like the cone on the figure eight. Then the branch point is black
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3. BW orientation
Before we state our main theorem, we give the notion of DP graphs and BW orientations.
Definition 3.1 (DP graphs). We consider a finite (possibly empty) graph with only 1-
and 6-valent vertices. We set the six edges connecting to each 6-valent vertex in three
pairs. A DP graph is a disjoint union of finite (possibly empty) circles and such a graph
(including the designation of pairs of edges).
Notice that each circle of a DP graph is considered to consist of no vertex and one edge.
Thus strictly speaking, a DP graph is not a graph in the graph theory.
An embedded DP graph in R3 is an embedding of the DP graph such that the image of
the neighborhood of each 6-valent vertex looks like three arcs intersecting at one point and
such that two edges in each of three designated pairs connect straight. Thus a model of a
6-valent vertex in a DP graph is the intersection of the coordinate axes. Designated pairs
correspond to the axes.
Example 3.2. Let G be a bouquet with one vertex v and three edges e1, e2, e3. We label
the two end-parts of ek the number k and k′ (k = 1,2,3). Then there are three types of DP
graph Γ = (G;S), where G is an underground graph and S is a designation of pairs of six
arcs around v;
(1) S = {{1,2′}, {2,3′}, {3,1′}}.
(2) S = {{1,1′}, {2,3′}, {3,2′}}.
(3) S = {{1,1′}, {2,2′}, {3,3′}}.
Then an embedded DP graph of Γ consists of one (case (1)), two (case (2)), three (case (3))
immersed circles. See Fig. 5.
The double point set of any generic surface in R3 is an embedded DP graph. Conversely
Li shows the following.
Proposition 3.3 [9]. For any embedded DP graph Γ in R3, there is a generic surface in
R3 whose double point set is Γ .
Fig. 5.
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Fig. 6.
Definition 3.4 (BW orientation). A DP graph admits a BW orientation if every edge of the
graph is oriented with the following conditions (i) and (ii) around every 6-valent vertex:
(i) Two edges in each of three designated pairs are oriented both into the 6-valent vertex
or both out of the vertex.
(ii) The number of the edges whose orientations point into the 6-valent vertex is exactly
two or exactly four.
A BW orientation of an embedded DP graph in R3 is induced from that of its original
DP graph. See Fig. 6. By identifying a double point set of any generic surface in R3 with
an embedded DP graph, we define a BW orientation which a double point set admits.
Now we are ready to state our main theorem.
Theorem 3.5. A generic surface in R3 lifts to an embedded surface in R4 if and only if its
double point set admits a BW orientation.
Proof. Let g :F → R3 denote a generic surface in R3. We use a checker-board coloring
for the regions R3\g(F ).
(⇒) Suppose that the generic surface has a lift that we fix for consideration. The four
regions around each edge e in Γg are colored with black and white alternately. Pick a
black region, B , among two of them. Let v1 and v2 be the normal vectors of two adjacent
sheets to B pointing into B . These two sheets are disjointly embedded in R4 as the upper
and lower sheets. We choose v1 and v2 to be the normals to the upper and lower sheets,
respectively. We give the orientation n to e such that the right-handed orientation of R3
matches the triple (v1,v2,n). See Fig. 7.
Then it is easy to check that this orientation satisfies the conditions of a BW orientation
at a vertex (= triple point) in Γg . More precisely, a positive (respectively negative) triple
point has two (respectively four) edges pointing into the triple point. See Fig. 8. (Fig. 9
illustrates the BW orientation of edges which connect to branch points.) Hence the double
point set Γg admits a BW orientation.
(⇐) Suppose that the double point set Γg admits a BW orientation. For each oriented
edge e, the vector n denote the orientation of e. We take two vectors v1 and v2 which are
the normals of two sheets pointing into B , where B is the adjacent black region to e. We
may assume that the right-handed orientation of R3 matches the triple (v1,v2,n). Then we
remove the neighborhood of e in the perpendicular sheet to v2. See Fig. 7 again.
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Fig. 7.
Fig. 8.
By the conditions of a BW orientation, this modification make a broken surface diagram
of the generic surface g(F ). See Fig. 8 also again. This assures that the given generic
surface lifts to an embedded surface in R4 by Proposition 2.5. 2
By Theorem 3.5, we immediately have the following.
Corollary 3.6. Let Γ be a double point set of generic surface inR3 which has (respectively
does not have) a lift. Then every generic surface in R3 with the double point set Γ also has
(respectively does not have) a lift.
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Fig. 9.
Corollary 3.7. Let Γ be an embedded DP graph in R3. Suppose that Γ contains an
immersed circle and that the number of pre-images of triple points on the circle is odd.
Then every generic surface in R3 with the double point set Γ does not have any lift.
Example 3.8. The double point set depicted in Fig. 5(1) consists of one immersed circle.
Since the number of pre-images of the triple point on the circle is three, the double point
set admits no BW orientation. Boy’s surface has this double point set (cf. [2]), and so does
not lift to an embedding in R4. More generally, it is shown that every immersed surface
(that is, generic surface with no branch point) in R3 with a lift has even number of triple
points.
Remark 3.9. Theorem 3.5 says that there is a one-to-one correspondence between BW
orientations which the double point set of a generic surface admits and lifts of the generic
surface. Two embedded surfaces in R4 are equivalent if there exists an orientation-
preserving diffeomorphism of R4 which maps one to the other. Then different BW
orientations of the double point set of a generic surface in R3 may give equivalent
embedded surfaces in R4.
We observe Fig. 8 again. There are three sheets around a triple point on the generic
projection of an embedded surface—a top sheet, a middle sheet, and a bottom sheet. Each
sheet contains four edges of a double point set. On the top sheet (or the bottom sheet), the
two of four edges point into the vertex. In the middle sheet, the four edges point all into
the vertex or point all out of the vertex. Hence we have the following. (In [10] we use the
special case of Proposition 3.10.) See also Fig. 10.
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Fig. 10.
Proposition 3.10. Let g :F → R3 denote a generic surface in R3. Let t be a triple point
in Γg and H one of the three sheets around t . Suppose that Γg contains an immersed arc
α : [0,1]→ Γg such that
(i) α(0)= α(1)= t ,
(ii) the short end-parts β0 = α([0, ε]) and β1 = α([1 − ε,1]) are on H for a small
ε > 0, and
(iii) β0 and β1 are perpendicular to each other at t .
If the number of the pre-images of triple points on α is even (respectively odd), then H is
necessarily a top sheet or a bottom sheet (respectively a middle sheet) for any lift of g(F ).
Notations 3.11 [6]. For a generic projection of an embedded surface in R4,
• T+ (respectively T−) = the number of the positive (respectively negative) triple
points.
• B+ (respectively B−) = the number of the positive (respectively negative) black
branch points.
• W+ (respectively W−) = the number of the positive (respectively negative) white
branch points.
• T = T+ − T−,B = B+ −B− and W =W+ −W−.
As we notice in Section 2, the sum B +W is equal to the normal Euler number of the
embedded surface in R4 (cf. [4]). On the other hand, Carter and Saito show the following.
We give an elementary proof of this formula.
Theorem 3.12 [6]. For an embedded surface in R4, we have
T = (W −B)/2.
Proof. Let Γ ∗ be a double point set of the projected generic surface in R3 except for the
simple closed curves. Consider a BW orientation of Γ ∗ induced from the given embedded
surface in R4. We count the number of the edges in Γ ∗ by two ways (see Figs. 8 and 9):
the number of the edges oriented into the vertices is
2T+ + 4T− +B− +W+,
and the number of the edges oriented out of the vertices is
4T+ + 2T− +B+ +W−.
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These numbers coincide and so we have
2(T+ − T−)= (W+ −W−)− (B+ −B−). 2
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